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7 Computational Fluid Dynamics|

1 Governing equations

1.1 NS eqns in ICS

For incompressible fluids, p = const

1. Generalized Gauss theorem:
/ VzdQ = nxdS
Q Sq

/ V-2dQ = n-£dS
Q

Sq
/fodQ:/ X ZdS
Q S

Continuity equation for incompressible fluids in ICS (Eulerian de-
scription for a point (z’,%/, 2

e ',y', 2, t are indepen-
dent with each other)

47

V-v'(@,y, 2, t) =0 (2)

Considering a small fluid domain AQ not change with time

MassﬂuX:p/ v -1dS = p VvdQ=0= V- -v'=0
Saq AQ

Momentum equation: surface forces(due to pressure + viscous

stresses) + body forces = momentum flux + time rate of change
of the momentum inside the fluid domain AQ

pDv'(t) B [av'(m’,y’,z’7t)

Dt 5 +v'(2,y, 2, t) ~Vv’(m’7y’7z',t)]

_ u/av’(x’,y',z’,t) +v,0v’(x/,y’,z/,t) +w,8v’(m’,y’,z',t)
oz’ oy’ 0z

=—-Vp+pj+ [MV2’U/(LE’, Yy, 7, t)=V- (Tijagj)]
Eulerian eqution D’Ul(t) .
Dt P+ pg




Material derivative

DA(t 0A t -
D?E ) - %—Fﬁ(x,y,z,t)'VA(x,y,z,t)
——
Lagrangian description Eulerian description
B 3g(x,y,z,t) 8g(x,y7z,t) 8/((3@,y,z,t) aff(x,y,zgt)
== &% 'Y 'Y o5 Y e
(4)
(Txy + %Ay) Az
A > B
pAy —  (p ) Ay
(PAzAY) go
—Tar Ay <— — — (Toz + 35;“ Az) Ay
D - C
*szAy
(pvu + ag—ly’"Ay) Az
A > B
(pAzAy) 5
— (pi-iAy) u —— ot
mass/unit time - > > (puu + Bg';u Al‘) Ay
—pulAyu

D <
—(pv-Azx) - u
= —pvAzu

Figure 1: Surface/body forces and momentum flux/inner momentum in x di-
rection at the boundary/in the domain of the fluid domain AQ.
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F = pressure - Sg + viscous stresses - Sg + pVg - G

surface forces body forces

J .
= boundary momentum flux + — (inner momentum)

ot

(a) Forces in z direction:



i. AD+BC:

ox T ox ox ox

ii. AB+CD:
OTay 0

ili. Sum:

u  O%u 0% dp
AzAy [u (28332 + o + 83383;) -
u 0% 0 | ou Ov Op

= AzA —t et = | —+ = - =
e 8x2+3y2+8x 8x+8y 8x+pgl

=0
(b) Time rate of change of momentum in z direction:
i. Momentum flux through boundaries:
Juu  Juv
AzAy | — + —
perey ( ox + Jy )

ii. Time rate of change of momentum inside the fluid domain AQ:

ou
AxAy—
pPRAT yat
iii. Sum:
ou Ouu Ouv ou ou ou ou Ov
ArAy [ L84 2 L TN oneAy | DDl oD | BT
poT y<8t+8x+8y) PRIV B T e Ty T a2 T oy
=0
(c)ﬁ:d(gzﬁ)ﬁ%—ku%—l—v%z—%%—i—u(%-ﬁ-%)—kﬁ

(d) ¥+ V¥ and uV?0 =V - 155665

i

Ay A Agg
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A-a= |Ay Az Ax| |a
Azr Az Asz| |as



ii. See|l and |2, which one is correct?
v-Vu = [u v w} oy oy

ou ou u
— ov ov ov
= Uaz+”ay+waz

ow ow
ug, TV, Twys

ov v 0V

iii.
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+ 0z
OT.y

- Ox + dy + Oz
OTyz o122
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[(50%u | & (0u , dv )
2W + By (% + ﬂ) + 92
_ 9 ou v v
9 (Ou ow o] ov
5% (55 + %2) + 55 (52
i 9u 9%u 9%u
ox2 + 8y2 + 022
_ 8% 8% | 8% o
=W | oz T oz T a2 Ty (
Pw | 9*w | 8w + 2 (¢
| Oz dy? 022

- 52 2 2
Tyt ou4 oy
_ 9%v v
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8w =+ 9w 8w
L Ox2 dy? 022

= uV>3y



https://en.wikipedia.org/wiki/Strain-rate_tensor
https://www.eng.uc.edu/~beaucag/Classes/Processing/Chapter2html/Chapter2.html

1.2 Governing equations in ICS for potential flows

1. w=Vx0=VxVd=0

J

9
Oy
v

for a fixed point (x’,y’,z’))
02 0’0 9°@
2 ror o _
V@(x,y,z,t)—axl2+ay/2 5‘2/2_0

Laplace equation for potential flows in ICS (Eulerian description

Bernoulli’s equation for potential flows in ICS

pte ot 2

=C()

ORI RN 2
0 (m,y,z,)+(V (xayaz7)) _’_Ug(:—g’f‘(x

Eulerian equation = Bernoulli’s equation, see 1| and |2.

Pg—f= —Vp + pg
P [g—f + (- V)U} = —Vp—pVU,
[agf +V(V§)1 Y- VU,
v [paa_f * P@} = V(=p—pUy)
\ [p+p<%—¢+ (V?Q +Ug)] =0
(a) (- V)T=V (50 —5x (Vxi) =vEL


https://resources.system-analysis.cadence.com/blog/msa2022-bernoullis-equation-derivation-from-the-navier-stokes-equation
https://www.nuclear-power.com/nuclear-engineering/fluid-dynamics/bernoullis-equation-bernoullis-principle/derivation-of-bernoullis-equation/

1.3 Global conservation laws

Reynolds transport theorem:

X
S Xauenaan = [ PHERE0, 0+ [ X s 0UadS(0
dt Jou) Q) ot Sa(t)
B X
S Rewenaan = [ PHEE20000) 4 [ Ry 0Uads
dt Jou) Q) ot Sa(t)

(7)

1.3.1 Conservation of fluid momentum

Incompressible fluid, ICS, M (t) = (M (t), M (t), Ms(t fQ(t) pudQ(t)
dM (1) / / ;
= —dQ U dS(t
@ Jo ot (t) + s (t)

1 1
p/ [—V(p + pgz) + -V (Tijgiéj) -V- (1717):| dQ(t) + ,0/ ﬁUsndS(t)
Q(t) P P S
_ / ipdS(t) — / fipgzdS(t) — p / i - (§5)dS(t) + p / TUsndS (1)
Sq(t) Sq(t) Sq(t) Sq(t)

=— / 7ipdS(t) — / fipgzdS(t) — p/ (Vuy, — Usp,)dS(t)
Sq(t) Sq(t) Sq(t)
+ [ V- asaa
Q(t)

L p(%+7- V) = —V(p+pgz) + V - (1;;€:E;)
- = *V(]D‘F pgz) +V. (leagj) - pV . (’1717)

2. V(#5) = 6(V-5=0)+7- V0

uu uv uw

V - (U7) = [6% a% %} vy VU YW
Wy wu ww
T

u gg+%z+a =0)+ “a +”ay+waz)
= | (B G =) (s el s o)

2] 2] o

3. g: _V(Ug = _g' F) = V((0,0, _g) ' (x,y,z)) = _ng



uu uv  uw u(uny + vng + wng) r
[nl ngy ng] vu wvv vw | = |v(ung + vng + wng)
WU WU wWw w(uny + vng + wns)
1.3.2 Conservation of kinetic and potential fluid energy
1,
E(t) = p/ (v U+ gz) dQ(t)
Q) \2
dE(t) / . Ov v U
—=p v —dQ(t) + p/ —— 492 | UspndS(t)
dt aw Ot Sa(t) \ 2
S ou, S
:/ {—V~[p(w+p+gz)ﬁ—ﬁ-%’]—7-iju}dQ(t)—i—p/ (H—i-gz
Q) 2 0 Ox; Sa(t) \ 2

=—p / (” —I—gz) (tt, — Usn)dS — unpdS(t) + / 7 (7-F)dS(t) — /
Som) \ 2 Sa(t)

Sq(t)

Conservation of energy for liquid motion inside a 2D tank :

On wetted surface: u,, = Uy, = Uy, ur = Ugt = Uy (slip bounday condition)
For potential flow, no-requirement for a no-slip boundary condition
0 7 = (ugl + unft) - (Tt + Ten i + Tpgfit + Ton i)
= Uy Tl + UeTon T+ Un Tl + UnTnn Tl
i (U T) = wTen + UnTnn
= UstTin + UsnTon
On free surface: if no surface tension = 74,, = 0, —p + Tre, = —Po;

if no viscosity (potential flow) = p = po

Energy conservation for liquid motion inside a tank

dE(t i
dt s S(®) Qw 0z

where S(t) is wetted surface.

dQ

o

For potential flows under T' = 2% oscillations, (E) = _<fS(t) pU,dS) = 0.
If Uy, has cos(at) == p = assin(at) + Y72, a; cos(jot + ¢5)
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87’11 + aTy:c + 67'21

an,,, + B'rzy

TV - (1i5€;€) = [“ v w] : ag;,, +
arm + a7'yz + 87'“

0T

or oy 0z Ox dy 0z or y

8717 8uz

. <67m N 0Ty N 8Tm> . (87'13, N 3Tyy N asz> St

:ui(?xj :V~(U-T)f7',;ja—xj
1.4 NS in RCS
L Ug=—gG-7=—(91,92,93) - (2,9, 2)
2. DBC and KBC for Q;
LDBC and LKBC for Qq: ¢ = O(e) = ®(x,y, z = 3, t) = (x,y,0,t)
1.4.1 RCS

Lagrangian ICS D x /Dt : x; = x;(t) = Eulerian RCS: z;,t are independent
with each other.

1.

0 — 5 xg(t)

dt
dei(t)|  (wdt)(sinf) |
T ’ = 7 =wsinf .
L wxe(t)  wxelt)
direction: — = -
lw x €;(t)] wsiné
de;(t) . wxet) Lo
gr =wsinf - e = x &(t)
(,(__5 ’_7“\
i(t) + déi(t)
. / |dé;(t)] = wdt sin 6
e ! d -
/ e A &)
Lo~ | sinf

Figure 2: Time derivatives of a vector in a rotating frame of reference.
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2. For r'(t) = rp(t) + x;(t)€;(t) in ICS:

=1 (t) + ()& (1) + §(1)E(1) + 2(0)@(1) + 2(8)er(t) + y(1)ea(t) + 2(1)es(t)

=ro(t) +0:(t) + & x [z(t)E1(t) + y(t)ex(t) + 2(t)es(t)]
=ro(t) + v (t) + & x 7(t)

3. For rigid-body velocity of the tank (fixed (x,y, z) on the tank):

' (t) = ro(t) +r(t)
dr'(t) _ drp(t) |, dr(t)

de¢ dt de¢
= v, (t) = vp(t) + w x r(t)

1.4.2 NS in RCS

Lagrangian description follows a fluid particle in space and time: r'(t) = r{, (t)+
r(t) =
Dr'(t
;E ) o (t) = v (1) + 5u(1) + & x 7(t)
D%/ (t)
Dt2 = a'/(t)

0+ L0 0+ { o +wxw] X F(t) + @ x [5,(t) + @ x 7(2)]

* =

d
=ap(t)+a,(t)+ 20x0.(t) -+ it
———— dt

X F(t)+ @ x [@ % 7(L)]
—_————

coriolis acceleration centripetal acceleration

Eulerian description examines the rate of change in time and space at fixed
points (x,y, 2):

D*v,.(t 0*U,(x,y, z,t

(_ir(t) — T( ) — ’l“( Y, %, )

Dt ot

+ 0 (@,y, 2,t) - VU (2,9, 2,1)

r'(2',y', 2')(Eulerian description in ICS
r'(t) = ro(t) + r(t)(Lagrangian description) = ,( Y . ) . b . )
ro(t) + 7(x, y, z) (Eulerian description in RCS)

Absolute velocity:

v'(2',y, 2, t)(Eulerian description in ICS)

"(t) =vp(t) +v.(t) + & x 7(t) =
vi(t) = vol(t) +vr(t) + & x 7(t) vy (t) + Ue(x,y, 2,t) + & X (@, y, z)(Eulerian description in RCS)

Rigid-body velocity: v} (t) = v (t) + @ x 7z, y, 2)

-

& X (w,y, 2) = ilwa(t)z — ws(t)y] - Jlwr ()2 — wa(t)z] + klwn (8)y — wa(t)a]
= V- (dx7) =0, V(3 x7) #0, V(@ x 7) = 0(linear function)

11



Eulerian NS in ICS = Eulerian NS in RCS, superpose O'z'y’2’ and Oxyz
at t:

D?r'(t o v.(z,y,z,t) .
#2() Zab(t) + % +’Ur(l‘7y’2’7t) : V’ur(x,y,z,t)
a5
T2 Ty, 2, 0) g X a2+ 8 x B x ey )] (©)

dt
1

=— =Vp+§+vV3i.(z,y,21)
p

1.4.3 Governing equations for potential flows in RCS

Lor'(t) = rp(t) +r(t) = (@, y,2) = rp(t) + r(z,y, 2) at time t7 =
(,y,2) — (2, y,2) =v(z,y,2,t) - At at time ¢ + At

2. B(x',y, 2 t) = B(x,y,2,1) = D,y 2/, t + At) = D(x,y, 2, t + At)

Transform

Eulerian description in ICS for a fixed point (2/,y’, 2’) =———= Eulerian

description in RCS for a fixed point (x,y, z) coinciding with (z/,y’, 2’) at time
t =

Laplace equation for potential flows in RCS

V(2 y, 2 t) = V2O (x,y, 2,t) = 0 in Q(t) (9)

Bernoulli’s equation for potential flows in RCS

o t
=P %_ [le(t)—'_u—jx,F(x»va)]vq)(x’yvzut)
Vo(x,y,z2,t 2 L
+[ ( 2y )] —g~7‘($,y,z)]

(10)

BE in ICS for fixed point (2/,y’,2') =

ov(2',y', 2, 1) n [V<I>(gc',y’,z',t)]2

pte ot 2

+U,| =C)

Let (z,y,2) coincide with (2',y’,2") at time t = (x,y,2) — (¢/,y/, 7)) =

12



vy (z,y, 2, t) At = (v, (t) + w x 7(z,y, 2,t)|At at time ¢t + At =

a(b(x7y’ Z7t)
ot
d _
At—0 At
Taylor expansion
5 [@(z', 9, 2/t + At) + VO(2', ¢/, 2/ t + At) - vy (w,y, 2, t) At] = (2, y/, 2/, t)
= lim
At—0 At
ov(z',y, 2t
= % + 'UZI,(JT, Y, z, t)V@(x’7 yl7 Zlv t)
02,y , 2, t
= % + ’Ul/)(.’l,', Y, z, t)V@(w, Y, z, t)
od(x' )y, 2t 0P(z,y, 2, t
5t ) 5t ) — v4(x, Y, 2, ) VO(2, Y, 2, t)

Ouxyz coincides with Oz'y'2" at t = Uy = —g-r/(2/, v/, 2') = —g-r(x,y, 2)
3. Boundary conditions on wetted surface S(t): v, - =0,v" -7 = v, -7 =

)
PUBIDD _ ot i wp(t) i+ (G w2 A ()
n

4. Dynamic free-surface condition p = pg on X(t):

00(x,y, 2,t)
ot

[Vo(z,y, 2 1))

(12)
5. Kinetic free-surface condition:
_ 09(z,y,2,t) OC(w,y,t)  O0P(z,y,2,t) OC(w,y,t) | O0P(z,y,2,1)
ox ox oz ox 0z
[l (t) + w x (2,5, 2)] - <6C(w7y,t) _K@y,t) G, K@yt

ox Oy ot
(13)

The fluid particles remain on the free surface for the entire time: Z(¢) =
0=

_Dz({t) _ 0z(«" .y, 2 1)

=1 = ot +o'(ey, ) - V2@ Y 2
0Z t
N % — @y, 2, 1) VZ(%y,z,t)] +VO(x,y,2,t) - VZ(2,y,2,1)

Z(@,y,58) =2 = C(0,9,8) =0 —> VZ(w,y,2,t) = (- 22t _2Gad) 1) 02pat)

y ot

13



_ 9¢(z,y,t) N
ot

(8@(x,y,z,t) 0®(x,y,2,t) 6¢(x,y,z,t)> ' (_8C(z,y,t) _8C(z,y,t) 1)

Ox ’ Oy ’ 0z

ox Oy

= [0 (1) + w x 72,3, 2)] - (—

(z,y,t)  O(z,y,1) 1) L Ky t)

ox oy ot
~ _ VZ(z,y,zt)
1= N7y =0 o0 X)) =
0Z(x,y,z,t)
0P (z,y,z,t) , . =g
- . = Yy at : Ty ey
R R 7 Pes]
9¢(z,y,t)
= [vp(t) + & x F(z,y,2)] - 7 + ot

2 2
9¢(z,y,t) 9¢(z,y,t)
()" (22

6. LKBC and LDBC

For free oscillations: vy, (t) =w =0 =

0®(z,y,0,t)  I((z,y,t)

LKBC: =
0z ot
10%(z,y,0,t)
LDBC: t)=———-"7>
. 0?®(x,y,0,t) 0P(x,y,0,t)

Combined LBC: 52 +g ER =0

For forced oscillations:
d 0,t lii} 0,t
LKBC: 2 (‘Téz’ ) _ 9 (xéz’ D) _ (o (t) + @ x e, y,0)] - 7 +
o®(x,y,0,t

LDBC % —g1T — g2y — g3<<'7"a Y, IL) = O

P23 56 = O(e)
q
o(e) terms are neglected in DBC and KBC —-
O(z,y,z=%()) = ®(z,y,2 =27 =0)

VZ(wyzt) _ (52.55.1)

T VZ@@yzh] \/(acu» Uty (2t
3 Y

For free oscillations:

Clz,y,t) 0¢(z,y,t) O¢(
L )

ox ’

x,y,t)(for free oscillations),

S

14

¢ (x,y,1)

ot
(17)

(18)

g;jy’t) (surface slope) = O(e)



LKBC:

8<I>xygﬁ<;@ffy7ff 8‘I’JCQW 0% (z,y,0,1)
——r _——0x 0z

iyt - (_86(9;,;/7 )’_86(?;/7 )’1> N 3((9gty,t)

=0 for free osccillations

LDBC:
o0P(x,y,0,t Vo(x,
%_['vb 14 Z’,y,Z)] V@(x,y,z,t)—l—[ ( 2 _(0707 —9)(33’%() =0
=0 for free osccillations
For forced oscillations:
LKBC:
8<I>(x,y70,t) oo 0P 09 _% _8( ] 8<I>(ac, y,0,1)
on oz’ oy’ Oz ox’ 0Oy’ 0z
BC(wﬂ/,t)

/

= [vp(t) + & x 7(z,y,
[vo( y,0

LDBC:

0P (x ,Ot [VO(z
(83; W% (91,92, 93)-(x,y,¢) =0

) for forced oscillations

7. Mass(volume) conservation condition

((z,y,t)dzdy =0 (19)
=(t)

2 Linear Natural Sloshing Modes
Some formulas:

1. e** = cos(kx) + isin(kx)

2. (e”‘"’”)l = ike'k®

3. V- (dVY) = DV + VD - Vo

15



2.1 Natural frequencies and modes for a 2D Rectangular

Tank
1. Time-periodic solutions of linearized free oscillations with circular fre-
quency w:
® _ Zg iwt Zg R 2
(.’E,y,Z,t) - —cp(:c,y,z)e - fQO(.’E,y,Z)[COS(UJt) +ZSIH((“]t)]7 v =-1

w w
100 0,t ; ; ..

Gloy.) =~ LD LDBC) gl 006 = fla)e = f(a,p)cos(ur) + isin(e)

(20)

2. Substitute ®(x,y, z,t) and {(x,y,t) into linearized boundary-value prob-
lem in RCS = spectral boundary problem:

V2o(x,y,2) =01in Q
V20 (z,y,2,t) =0 ( ) 0
0®(z,y,2,t) M:V@(ﬂﬁayaz)'ﬁzoon&)
—— 2 =VP(z,y,2,t) T=0 on
on d¢(z,y, 2) w?
2 B AWLA A = =0on XY
0°®P(z,y,z2,t) 0®(z,y, z,t) == 9 (l‘i ) o(x,y,2) 0
=0 z g ——
ot2? 0z N eigenfunctions
eigenvalues
C(x,y,t)dxdy =0
2o ( / o(z,y,0)dzdy = 0
o
(21)
z
PN W
,,/,;,,Q GO

Qo h

So i

7 N

Figure 3: 2D rectangular tank.
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3. Spectral boundary problem for a 2D rectangular tank:

p(z,2) | Pp(r,2)

0x? 072 =0 Qo
L
M:()Onx:j:ffbr —h<z<0
Ox 2
dp(z, 2) L L
5 0on z h for 2,$f2
L
890(83;’2) —KXIO(.’E,Z):OODZ:OfOr —ESIE
L

17

<

v |



Linear natural sloshing modes

- _ ™ ann (™
Eigenvalues: «, = T tanh( T h) (23)
Eigenfunctions (Linear natural sloshing modes):

™ L\1 cosh [Z2(z + h)] (24)
on(x,2) = cos {f (x + 5)] . cosh (Z2)

™ L
Wave patterns: f,(z) = ¢(z,0) = cos - |z + 5 (25)
%
(@) frm(z)dx

0ifn#m

Eifn:m

Natural frequencies: w,, = \/gk, = \/g% tanh(%h) (26)

2
Natural periods: T, = T , n=1,2... (27

97 tanh(%h)

Solutions of spectral problem (22)): ¢(z,z) = X (2)Z(z) =
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(a) Lelen) 4 Pelez) _ gy Q) —

0z2 Oz
A2 X (x) d%Z(z)
dz?  _ _d2? Cy <0
X(x) Z(z) '

{X( z) = Cycos/—Ciz + Cssin/—Crx
—

( ) C46 Clz+C e —/=Ciz
From ‘,' vV —Cl = T,C4 = 0562 —Cih

Kp = % tanh(n%)

X(o) = Coeos | "7 (o + )]

Z(2) = Cse? T L% 4 Cye™

= s, CFUEITES
=2eL C5

Tz

) 41
2e T
= 2¢'T"C5 cosh {n%(z + h)]
cosh [2Z(z + h)]
cosh(ZZh)

19



(b) %:Oonx:i%fbr —h<z2<0=

Z(z) d);:(f) =0

= —C’gﬁfSiﬂ(E:ﬂ) + Cg)%;cos(mm)

T=

—Cy Sin(L\/Q_Tl> +C3 COS(L\/Q_Tl> =0

=
. L\/ _Cl L\/ _Cl

Cssin B + C5 cos 5 =0

2Cy sin<L\/2_7cl> =0
=

2C5 COS(L\/Q_Tl) =0

/=

= From , Cy=0o0r sin( \/2701> =0

Cs =0,COS<L'2_01) _o— b ;Cl = (2n;1)ﬁ = /-C,
-

03 :O,sin(L 2_01> =0= L 2_01 =nr = /—C1 = QTLTTF

2nm 2nm L

X(z)=C COS<LJC> = (=1)"Cacos {L (x + 3 ]
= (2n —1)m (2n —1)m L

X(z)=Cs SiH(Lx> =(-1)"Cs COS(L(:c + 2))
_[x@=a cos (e + 5))

n
—C, = %
(c) g—ffOonz:fhfor |x\<é:>
dZ(z)
(@)= =
C v—Ciz _ Cs —v/—=Ciz -0
= (4 1€ )Piq e s

= Che VO _ CreV=C1h = 0,0, £ 0,C5 #0

— Ca _ o2V=Cih
Cs

20
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() 2222 — pp(a,2) =0omz=0for —k<a<f—

S+1 L1 L

of

~ls L

0.05 0.10

T R ‘ L
5 0.20 0.25 030 """ -- -

Figure 4: Approximation of tanh function.
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3 Linear Modal Theory

3.1 Linear modal equations

1. Linearized boundary-value problem

0?®(z, 2) n 0?®(z, 2)

61’2 822 = 0 iIl QO
%z(ai’ = o) + @ x 7w, 2)
=vp(t) T+ [@x(z,2)] - T=v(t) 7+ [Fla,z) x 1]
vy (t) -7+ n5(t) - (2n1 — zng) on Sy
0®(x,0)  0P(z,0)
on 0z
= [vp(t) + & x 7(x,0)] - 71 + ‘%gi’ )
= v+ [ e, 0]+ P — oty 46 7t 0) o )
=vo(t) -+ ns(t) - (Ony — anz) + 3((;1; 2 on X
0P(x,0 0P(x,0
% — g1z~ gal(n,t) = gi ) _ gns(t)a + gCla.t) = 0 on 5
¢(x,t)dx =0
o

(28)

Figure 5: Linearized boundary-value problem in a 2D rectangular tank
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with the infinite set of generalized

(o t) =3 B0 = 3 Bitlfi(a)
i=1 i=1

O(z,2) = vp(t) - 7w, 2) + B(t) - o(x,2) + > Riltkei(z, 2)

i=1

(29)

Stokes-Joukowski potential:

@G-8 =3G.VGy A= @ x7) i=d-(Fx)on SoUIg=>
G-V =& x 7

350 . i 7 k
a_n:VQO.ﬁ:FXﬁ: x Yy z

nyp n2 N3

= i(yns — 2na) + j(2n1 — ang) + k(zns — yny)
Qo(z, z) = (0, Qo2(z, 2),0) for 2D liquid motions in x — z plane

VQo2(x,2) =0 in Qo
89%(3:,2’) = VQ(z,2) i = (2i —2k) -7 = 2ny —ang  (30)
n

on Sp U X
For linearized boundary-value problem : Laplace equation,

wetted surface condition and volume conservation condition are
automatically satisfied = LKBC and LDBC = j;(t), R;(t).
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3. Substitute ((z,t), ®(z, 2, t) into LKBC =

09(x,0,t) _ 09(x,0,t)
e L CAM s
Q oo
= vy (t) - Vil(z,0) - i + d(t) 9 0360 ZR )onEO
= vy (t) - T +38~17(z,0) ZR (t)kipi(x,0)

:W Zdﬁl i

:>ZRi Veipi(x,0) = ZR Zdﬁl()fz( )

i—1
:Z/R Veifi(z)f;(x)dS = Z/ dﬁl ) fi(z)dS

= dﬁgt(t)—ﬁjR()for]>l

4. Substitute ((x,t), ®(x, z,t), and dﬁét(t) = k;R;(t) into LDBC
Ug=—(91,93) - (2,0) = =17 — g3¢
Flzo - (ZC,O) or HEU = (1‘,C)?

7lg, = (x,0) = heave oscillation can not linearly excite sloshing?
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Linear modal equations (infinite set of uncoupled linear differential

d2g;(t fis (t
—ng( ) +w? <1 + 7’37()> B;(t)
— 2 Gy () — gma(0)] - 22 dis(), =12,
Mj M] b b b
(32)
where Aq; =/2L fi(x)dx
Ao2j = i Qo2(z,0) f;(x)dz
f_%é ]Z(x)dx
py = —> p
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0P(x,0)

ot gns(t)z + g¢(z,t) =0 on X
- dvgt(t) -, 0 or ¢) +1j5(t) - Qoa2(x +Zdlzt )cpl(ﬁc 0) — gns(t $+g;ﬁl Vfi(z) =0
. . 1 d25(t) :
= D)z +is(t) - (0 or O+ 4s(8) - oo, 0) +Z PO 1w — sty + 23 B ) =
7= (z,0)

Z% (d (i;(t) + wfﬁi(t)) Ji(w) +2(ij1 () — gns(t)) + 0djs(t) + 75 (t)Q02(z,0) = 0

= 23; f_%g fi(z) f(x)dx L
:2(d§;2(t) +wi25i(t)) — +(ﬁ1<t)_gn5(t))/_gxf7( z)dz

+ s (¢) i Qo2(z,0) f;(z)dz =0

xfj(x)d

~

; Qo2(x,0) fj(x)de =0

7=(z,()

Z % |:d dﬁtg w?ﬁi(ﬂ} filz) + 773(t)wi{g Z Bi(t) fi () + (i1 (£) — gns(t)) + iis (£) Q02 (2, 0) = 0

0 2
>l P iz (14 29 50| o)+ 00 0) - ams(0) + (062, 0) =0
23, i %, f2(a)de 5
- {d ftj?(t) T (1 + 773g(t)) 53‘(“] ———— + (i) *gns(t))[ xfj(z)dw

Kj

+1j5(t) /,: Qo2(z,0)fj(x)dx =0

5. Linear pressure p = pg + pg - 7(x,2) — p% —
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Linear pressure

p =po + pg (zns(t) — 2)

—p | () + Tis(t)z + ii5(t) - Qoa(x, 2) + 1 d%Bi(t)

Ki dt2

3.2 Forced pitch(ns;) and heave(ns) sloshing in a 2D rect-
angular tank

3.2.1 Linear modal equations for coupled pitch-heave sloshing

Figure 6: Forced pitch(ns) and heave(ns) sloshing in a 2D rectangular tank.
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Linear modal equations for coupled pitch-heave sloshing in a 2D rectan-
gular tank

=17y © [(h + Sn) . ﬁ5(t) - 9775(75)} y

(0

- 1,2,.
v (e 5 a0
=20 i 6) - gma(t) + 32
=2 (e 522 ) () — ot

n=12...

2[(—=1)" — 1] tanh (=22
where P, = (=) ]an(L)
™m
2L tanh (%)
" ™
b 3 L L2 (-1)" -1
™m 1" —
)\1n=/_gmfn(x)dx=/_gxcos [T (a:—l—E)] dwz; o
AL2 (-1 — 1 mh\ [ ., 203 (-1)" — 1
)\an = —? n3 tanh (T 5) _% fn(x)dx = —? n3 tanh (
L
. Joy fi@ds pja 12 coth (%2h)
! K T tanh (Z2h) 2 n
2. m(t) = hns(t)
3. Stokes-Joukowski potential Qo2 (x, 2):
32QOQ($,2) 82902(1'72) .
Ox? 022 =0in Qo
Q L
aL(QC’Z):zonaszj:— for —h<2z<0
Ox 2
9Q2(, 2) L L
e 2 e = _ _ << 2
9% T on z h,0 for 2_3:_2
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Qo2(x,2) =z + F(z,2) =

0?F(z,2) 0*F(x,2)

=0
02 072
M:()onx:j:£for —h<z<0
oxr 2
OF (z, z) L L
hufinilh St R/ — _ < p< =
9 2x on z h, 0 for 5 <z< 2

F(z,2) = X(2)Z(z) =

(a) 821(:;55@) + 82g£§,z) =0in QO —
dX(x) dZ(z)
dz
=— =C1 <0
X(@) 2 T

. {X(x) =Cs cos(\/—iClx> + C5 sin<\/—701x)

Z(z) = CyeV =% 4 Cre™ V12
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(b) %:Oonx:i%for —h<2z2<0=

—C1L v—CiL
—(C5sin 201 + C3 cos 201 =0
C5sin 720111 + C3 cos —GiL =0
v—C1L
Cy sin% =0
- CiL
C'3 cos Bt S
2
L 2 1
Cy =0, cos o= —Clz(kz )
:>X(:E):C:asin[(2k+1)wx] = —C3cos [(2 Zl)ﬂ ( 5)}
= CiL 2
Cs=0,8in Y1~ = 0 = —olz%
2 2 L
= X () = Cycos (lma:> = (—=1)*Cy cos [ (:L‘ + 2)}
nm
0, = -
= | Xu(z) = C cos {m <x+ g)} = Co fn(z)
Zn(z) = CheT? 4+ Cse” T7

= Fu(w,2) = Xo (%) Zn(2) = fuly) - (Clne%z + Cznef%z)

== F(xvz) = an(x) ' (Clne% + C2ne,n}:2)

n=1

S sinh [Z2 (2 + 4)]
F = Cn n L 2
—=F(z,2) nz::l fn(2) oo (2T}
()Bngyz):—QxOHZ:OfOI'—%ngéﬁ

n=1
— Z C’nﬂ : fu @) frn(2)dz = —2/5 & frn (2)dx
n=1 L _% ’ _%
c ™m L L2[(—=1)™ —1]
"L o2 m2m?2
402 (-1)™ —1
T m
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Solutions of Stokes-Joukowski potential for sloshing in a 2D
rectangular tank

3.2.2 Solutions of linear modal equations for pitch sloshing

Figure 7: Forced pitch(ns) sloshing in a 2D rectangular tank.

n5(t) = Ap sin(wpt) =

ng;(t) Fw2B,(t) = =Py - [(h+ Sn) - i5(t) — gns(t)] = Pu - [(h + Sp) w2 + g] Ay sin(wyt)

4 Multimodal method

1. Proof of the natural conditions of the Bateman-Luke formulation.

2. Proof of the relationship between the original boundary-value problem
and Bateman-Luke system.

3. Linear modal equations <= Nonlinear modal equations
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4.1 Variational principle

Bateman-Luke principle

ta
Iywﬂﬂz/ﬁLﬁ
t1

|Bernoulli’s eqn 1n RCS|
L= / (P — po)dQ =
Q(t)

— o (t) + & x (@,y,2)] - VO(2,9, 2, )

[\]

5@(1’,]4, thl) =

aé(x7 y’ Z7 t)
—f ot
Q)

n [VO(z,y, z, t)]2

—g"F(l‘,y,Z) dQ

5@(:L’,y, th2) =

0, 0
5Z(xay7zat1) :Ov 5Z(177y72’,t2) =0

(35)

4.2 Modal system based on the Bateman-Luke formula-

tion

Modal representations of the free surface and velocity potential:

C(a,1)

=3 Bilt)pi(x,0) = > Bilt) filx)
i=1 i=1

(oo}

O(z, 2, t) = v)(t) - Az, 2) + B(t) - A, 2, t) + Z R;(t)¢;(, 2)

V2Qy(x, 2,t) = 0 in Q(t)

0N (x, 2, 1)
on

|

= VQa(x,z,t) - = zn; —xng on S(t) UX(t)
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Nonlinear modal equations

(oo} 8Dn . [ee] ' |
; e Bi — ;anRk =0, n=1,2,... (Kinematics)
_Z<Rn . > —5 . (Ran o )
o=l n,k=1
Aae Olawy | d Aot
_n5(t)3_ﬁi 5(¢) 0B;  dt < (1) e )
z ol .
[—#i1.(t) — 75 (£)7is(t) + 1] 8&1 + [=iis(t) + 05 ()i (t) + g3] 8;;
1. 20J3 ‘ . N
+ 2 [is (t)] 9B; =0, ¢=1,2,... (Dynamic boundary condition)

(36)

Nonlinear modal equations accounting for the asymptotic relation

O(AHorlzontal motlon) = O(ARotational motion) =€
O(Br) = O(e3)
O(B2) = O(e?)
O(Bs) = O(e)
Higher order terms than O(e) are neglected in the nonlinear euqation.
(37)
Z ZanRk =0, n=1,2... (Kinematics)
= oD, - 0D,
Z( ) L5 ()
n=1 n,k=1
al2w . alet d . al?wt
= t = t :
(0522 — i) et + 5 ()52
[—7i1(t) + g1] Ms + [—73(¢) + g3] Bidsi =0, i=1,2,... (Dynamics BC)
(38)
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The pressure-integral Lagrangian L

L(Ry, Ry, Bi, Bi) = =i (t) - 1 — iz () - Iz — 05(2) - lawr — ii5(t) - low

0 2 . 2
—05(t)7i3 () - Lo + 05 ()i (t) - I3 + (m(t)) ;r (s(t)” M
1

+ 3 [ ()] ] J2o{+ L

. dR,(t)
Lr==) —= Dn—
=l

=

Rn(t)Rk(t) D + g1 - L+ gs - I3
1

NE

1
2

d

x~
Il

n7

(39)
where 11 (5;) = p/Q( )de
t
13(B:) = P/Q(t) 2dQ

oh = p/Z xfi(x)dS = ,0/_7 xfi(z)dr = A,

9, .
Ols _ 2 o 5 o
o5 = [ Ui assi=p [ 1@ dos =i
let(/BhBi) = p/Q(t) W(ZQ

le(ﬁi) =p Qg(l’,Z,t)dQ

Q(t)
DuB)=p [ oni21aQ

M;=p / d@) = constant
Q(t)
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oo

1.
oW = /t2 OLdt = /t2 — Z (Dn(iR,,) Z nkRk(SRfL
t1 t1 n=1

vt
* { (=i (t) = 5 (1)ils(t) + 1] 3& [=dia(t) + 15 ()i (1) + gs] gﬁz s (1) iﬁzt s (1) %l;w
+ 2 bisto) %";? -3 (#57) - ;i (o 22 }5@ (1) =0
/1 861 nzkle Bk | O,
o {0 8 00+ 25—
* ; s (1)) %]52 - ,i (R”aal;j) - ;nil <Ranaa%tk> +% (ﬁs(t)a(;zt> }5&dt =0

R = [t oD, df; |
/ ;(D AR”) _—nzl | DudoR, = - [D SR,) / OB }
_ / iéRnaD ﬁz> dt

n=1

R LS R A (LA P LS Py e

t2 alet)
= ) i d
/n Y < () 9B '
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0L = L(R + 5Rn7 Rn + 6Rny /B’L + 6/Bzaﬁi + 531) - L(Rn7 anﬁiaﬁi)

. ol . ols . st Ol . Ol
—in o) (Gan ) =) (Ga0) —into)- (Giztan+ S5 ) —inte)- (G200,

s (o) + oo - (2a) + DO L VR (55)

o l o5,
- g [53 D+ Ly (aal;j 5&)] - ;nil [QdeRn Dy + Ru Ry, - (88%’:’“ 5@»)}
+ 91 <g;11551;> +93- (glﬁ‘jm>
= - f:l (Dadfi) - gj (Do RO R,)
n= k=1
ot B 1 G (o
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M _g.m,z)] dQ

5 — [vp(t) + & x 7(z, 2)] - V®(x, 2,t) +

B dv,(t) 0 /. = Op(z, 2, t)
= —p/(t) é)t -z, 2) + e (w(t) Qz, 2 t)) + o

- ~ - (x.2)dQ
= [ SR A f ot s 0] + 22520
—[vo(t)]"~vo (t) S H(@, 2,t) |~V (T, 2, 1)
—B(t) x Fx, 2) - v (t) — () x Fx, 2) - V [w(t) Oz, 2 t)} — () x 7z, 2) - Veo(x, 2, 1)
/ 2 V(Zﬁtoﬁx,z,t ’ o
Lot [P0 Se0)] | wote
+W+v' o)+ [3(0) - S, 2,0)] - Vel 2,0)
— /Q ) d”gt(t) (@, 2) +% () - 3, 2,1)]
B(t) x Fz, 2) - vh(t)—B(t) x 7z, 2) - V [(E(z‘) Gz, 2 t)]fﬁ(t) X F o, 2, 1)
/ 2 V(&) - Oz, 2, ’
[voét)] + [ < " 2( )ﬂ +V |3(t) -9 : oz, 2,1)dQ
Op(x,2,t)  [Velx, 1) .
L. % 22Ul (e, 2)aQ
= [ ain(®)+ (o) +is(0) - 252 00, 5,0) () ~ [ 00— i 0)i(0)
Q(t)
(m()” + (s()* 1 &P(x zt) | [Ve(,zt)] .
- S aQ + S i s —p [ PO - FEEEOE e aq

=—m<t>~p/Q(t)de—ﬁ3<t>-p/ 2dQ — iis(t / a“”“d@—hs(t)~p/Q(t)szz<x,z,t>dQ

P PR (. (t)” + (s(t) Lo 21
— 115(t)ii3(t) -p/Q(t) xdQ + 105 (t)ij (t) -p/Q(t) 2dQ + 5 - -p/Q(t) dQ + 5 [5(1)]” J22
/Q(f) on(z,2) + % Z R, Ry [Von(x,2) - Voi(z,2)] — zg1 — 293dQ

n,k=1

37



- v [w(o - O(a, z,t>] iz, 2 t) — @(t) x 7x, 2) - (e, 2, t)dS
SqQ)

- / sty | ZH 2 q i (w2 0)dS =0
Sq on

6.
- p/Q 1y [a(t) S (x,z,t)] v [w(t) s (:L',ZJ)} —G(t) x (z,2) - V [w(t) : sz(m,t)]dQ

Ko fheorend /S(mm) %v [w(t) -ﬁ(z,z,t)] i [Q(t) : ﬁ(x,z,t)] — G(t) x 7z, 2) - 7t [w(t) - O(z, 2,t)| dS

= /S(mm) %dz’(t) : aﬁ(;;f’t) : [w(t) Oz, z,t)] — () - 4(% : [@(t) Oz, z,t)] ds

1 N R
=20 /S NCOREOE

1

3

Inertia tensor component

Ty, 28) = p / Qala, 2,8 22828 4o (40)

SH)+=(t) on

5 Nonlinear Asymptotic Theories for a 2D Rect-
angular tank

5.1 Second order differential equation with constant coef-
ficients

Second order differential equation with constant coefficients:

d2 d
d—;; +k1£ + oy = f(x)

Ntk A+k=0
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Table 1: General solution of homogeneous second order differential equation
with constant coefficients.

A1, Az Ye
1 AL # A2 >0 Yo = CreM® + Cget2®
2 AM=X=A2>0 Ye = (Cl + CQ.CE)G)‘I

3 A=a+fi Yo = e**F(Cy cos fx + Co sin fx)

Table 2: Particular solution of non-homogeneous second order differential equa-
tion with constant coefficients.

f(x) Yp
1 be® Ae®
2 ax™ + ... Crz™ +Cr1z™ 1+ ...+ Cy
3 Pcosax,@sinax, or Pcosar + @ sinazr Acosar + Bsinax

5.2 Steady state resonant solutions and their stability for
a Duffing-like mechanical system

Nonlinear Duffing oscillator:

B+wi (B+ KB®) = —%oﬁ cos(wt)

6 Mathieu’s Equations

6.1 Floquet theory

How to define strength of nonlinearity of odes and pdes?
Perturbation and asymptotic approximation are only valid for weakly nonlinear
odes and pdes.
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Floquet theory

d
d—f = Az, A(t+T)=A(t)
- (41)
yit) = X Tpit), pilt+T) = pi(t),
\; eigenvalues of C' = X (0)"'X(T) = X(T).
1. If any of one |A;] > 1, the solution of Mathieu’s equation will be
unstable (one unbounded solution exist).

2. If every |X\;| < 1, the solution of Mathieu’s equation will be stable
(all solutions bounded).

3. If every |\;| = 1, the solution of Mathieu’s equation will be period
of T or 2T.

4. X(t) = [x1(t),22(t), ..., 2, (t)] period is T or 2T —>
21 =x period is T or 2T = 2 = ) .°

FaPR
1. 21(®)nx1,T2(E)nx1y - -« Tn(t)nx1 linearly independent solution
2. X(t)nxn = [z1,22,...,2y] non-singular, fundamental solution.

3. X(t+ T') fundamental solution.

4. Choose X (0) = 1.
Why can we manually choose X (0) = I?7 =

Y(t) = X(t)C is a fundamental solution. Choose C' = X (0)~! (non-
singular) to make Y (0) = X(0)X(0)~! = 1.

5. Y(t) = X(¢)C fundamental solution.
6. Key function: X(t+7T) = X(t)C, C = X(0)"'X(T) = X(T)

C': time-independent

7.C=X"1)X({t+T) X~H0)X(T) = X(T)

8. X(0+nT)=C" = iterates of a Poincare map corresponding to the
surface of section ¥ : ¢t = 0 (mode27). The question of the boundness of
solutions is intimately connected to the matrix C.

9. To solve X (t+ T') = X (t)C = Transform X (¢) to normal coordinates:
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10.

11.

6.2

A0 0
0 X 0
ViIiev=A=| . | :
0 0 An

b)) Yt+T)=Xt+T)V=XH)CV =Y)VICV =Y (t)A See this.

[yl(t + T)ayQ(t + T)’ s 7yn(t + T)]

A1 0 0

0 X - 0
= (e |

0 0 An
= [)\13/1 (t)v )‘2y2(t)7 teey Anyn(t)]

(€) vt +T) = Nyi(t) = vi(t) = \ipi(t)
yit+T) = N p e+ 1)
= Niyi(t) = M(\¥ps (1) = AP (1) =
1
k - T,
yi(t) = XTpit) . pit +T) = pit),

pi(t+T) =pi(t) =
A; eigenvalues of C'= X (7))

If any of one |A;] > 1, the solution of Mathieu’s equation will be unstable
(one unbounded solution exist).

If every |\;| < 1, the solution of Mathieu’s equation will be stable (all
solutions bounded).

If every |\;] = 1, the solution of Mathieu’s equation will be period of T" or
2T.

X(t) = [z1(t), 22(2), . . .,
xy =z periodis T or 2T =z =)

xy,(t)] period is T or 2T =
PAPR

Hill’s equation
A2z
gz TfWz=0, ft+T)=f() (42)
LI =T, = % =


https://www.cfm.brown.edu/people/dobrush/am34/Mathematica/ch2/floquet.html

;1:11(T

3. C=X(T)= [m(T

—.’1712(T) )\ — .’1722(T)
=N — [211(T) 4 222 (T)] A + [211(T)222(T) — w12(T) 221 (T)]
— X2 [tr(C)] A + det(C) =0

=1=X1)2

‘)\—xu(T) —x91(T) ‘

=

trC+4/(trC)2—4
M= —""5 "

)

, /\1)\2 = det(C) =1

Define W(t) = detC = xu(t)a:gg(t) — xlg(t)xgl(t)

%t/ = 2y ()22 (t) + 211 (t) 299 (1) — 20 (H) 221 (1) — T12()25 (1)

12()z22(t) — f(t)z11 ()21 (t) + f(t) 211 (t)T21 (F) — T12(F)222(F)

= W (t) = const = W(0) = 211(0)z22(0) — z12(0)z21(0) =1

d [z _ 0 1| |z11 ;o ,
dt Lcu] o {—f(t) O} |:$12 = )] = 212,219 = —f(D)z11
d To1| 0 1| |zo ;L .
dt LQQ] a {_f(t) 0} [5522 = Ty = T2, Ty = —[(H)

5. yi(t) = )\Z/Tpi(t)a pi(t+T) = pi(t),

trC+4/ (trC)2—4
A2 = 2

)

and MAg =det(C) =1 =

(a) |tr(C)] > 2 = real toots, if \; < 1,== Ay = 5> > 1 = USTABLE,
exponential growth in time.

(b) |tr(C)| < 2 = complex conjugate toots, Ay = a + ib,A\y = a —
ib, M2 = a® + > =1 = |\| = Va? +b?> = 1 = STABLE.

(c) transition from stable to unstable: [tr(C) = 2| =
iftr(C)=2= M2=1,1= Y(t), X(t) period solution with T’
if tr(C) = —-2= A2 =—-1,-1=Y(¢), X(¢) period solution with
2T.
= on transition curves, z(t) period with T" or 27.
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6.3 Harmonic balance

Apply Floquet theory to Mathieu’s equation n3 = A, cos(w,t) =

d?p(t Ayw?
dﬁt g ) W1 — ecos(uwut)]B(t) = 0, = T“’ (43)
1. T = =% on the transition curves exist solutions of period 27 or T —>

. nw
+ by, sin

B(t) = Z (an cos st

”t> = [3(t) period 2T (44)
n=0

When aogq = boqa = 0 = x(t) period T.

2. Substitute into Mathieu equation

e 2

5 o (1 4 o ()

NS
55 o G 1)) o (- 1)] -

n=0: agcos0— eagycos(wyt)

n=2: (1 - 1) cos(wyt) — gag [cos(2wyt) + cos 0]
n=4: ( > cos(2w,t) — %a4 [cos(Bwyt) + cos(wyt)]
n==06: ( ) cos(3wyt) — %aG [cos(dwyt) + cos(2wyt)]
n=_§8: (1 - > cos(dwyt) — fas [cos(Bwyt) + cos(3wyt)]

k2
n=2k: ag (1 a? ) cos(kwyt) — 2a2k[cos((k + Dwyt) + cos((k — Dwyt)]
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:ao — §a2i| cos0 =0

[ 1 €
_—eao + as <1 “o2 ) 2a4} cos(wyt) =0
Capran(1- L)€ (2wot) = 0
i 20,2 a4 QQ 2a6 COS|2Wwyl) =
-—Ea +a 1—i ~Sa cos(3w,t) =0
3 4+ ag NE 508 wl) =
[ 1
—gaG + ag (1 — 962) — ;a10:| cos(dw,t) =0
[ € k2 €
_—iagk,Q + asy, (1 — Q2> — 2a2k+2} cos(kw,t) =0
ag ao Qg ag as
1 -5 0 0 0
—€ 1- é -5 0 0
0 5 - - 0 =0
€ 9 €
0 0 -5 l—g —3%

3
Il
[N}
=

N
—
I

sin(wyt) — %bg sin (2w, t)

3
\
i
S
iy
—_
\

sin(2wyt) — §b4 [$in(3w,t) + sin(wyt)]

2le 2= B~

sin(3wyt) — 556 [sin(4wyt) + sin(2wyt)]

3
I
oo
(=
o5
—_

3
|
=)
o
[=}
/\/H\/-\/—\
|

sin(4dw,t) — %bg [sin(Bwyt) + sin(3wy,t)]

I
—_
S

W — —

n=2k: by (1 - Qz) sin(kwyt) — %bgk[sin((k + Dwyt) + sin((k — Dwyt)]
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5. QAodd-

T N N NN
e b b =

3 3 3 3
AN N MmN 10 [
N—— — 7 N e

0 0 % o
Q Q Q ]
o S S (]
+ + + 4+
i N N N
-+ -~ -~ -+~
> > > ®
3 3 3 3

M 10N M~ O™
N N N~
n w0 w0 w0

5 | CO:

[\ [a\] [} [\
74 S NE Y=
| | | |
— — — —
N— N N e
— 2] 0 I~
3 3 3 3
— o 0 -
I I Il I
I I < I

)

2

2k —1
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wvt> + cos(

2k +3
2

a2k+1 l:COS (

€

2



(1L ¢ €l eos (Lot =0
_ 102 3 ay 2(13 cos 2wv =
[ e 9 € 3
_ 2a1+ ( 492>a3 2(1 cos (2w t) 0
gt (1= 22 ) as = Car] cos (Zwnt) = 0
2™ 102 ) 0 T 07| B\ gt )
[ e 49 € ] 7
_f§a5+ 1-— 102 az §CL9_ cos iw”t =
[ € 2k 4+ 1)2 € 2k +1
75(12]@_1 + (1 — (492)> a2k+1 — 2a2k+3} cos ( wvt> =0
ail as as ar ag
l—w=—5 5 0 0 0
—3 =32 -3 0 0 =0
—£ — 2 _e
2 102 2
6. bodd:
1 (1 e [. /3 al i
n=1 by (1 — 42> sm(QoJUt) — §b1 _sm(Qwvt) — sm(zwvt)_
9 . (3 e [. /5 . (1 i
n=3: bs <1 — 492) sm(zwvt) — §b3 _sm<2wvt> + sm<2wvt>_
25 . (5 e [ . (7 . (3 i
n=>5 bs (1 — 42> sm<2wvt> — 5()5 _31n<2wvt> + sm<2wvt>_
49N\ . [T e, [. /9 . (5 |
n="7 by (1 — 492> sm<2wvt) — 5()7 _sm 2wvt) + 51n<2wyt>_
. 2k +1)2\ . [(2k+1
n=2k+1: b1 (1 BRRTP sin 5 Wyt
2k + 3 2k —1
_ §b2k+1 [sin( + wvt> + Sin( wvt)]
[ 1 € € (1
_(1 — @ —+ 2> bl — 2b3:| S1n <2wyt> =
[ € 9 e 1. (3
-—§b1 + <1 — 4(22) b3 — 5()5 sSin <2wvt> =0
[ € 25 e 1. (5
-_§b3 + (1 — 492) bs — §b7 sin <2wvt> =0
[ € 49 € A
gt (1 g ) o ] () =0
G 2k +1)2 € . (2k+1
_§b2k71 + (1 - (492)> bok+1 — 2b2k+3:| sin ( wvt) =0
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7 Computational Fluid Dynamics
RANS:
Lu=0

2. wu #0

9 (ad 9 (od _
3. V2u_67(8z)+8y(8y)_0

dy dy dy
ou’  ou_du’ 0w uv” oV
“or Y oy Oz Y or y oy
_ou ou L ou o
T Oz oy Oz dy
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