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1 Set Theory

1.1 Relations

Definition 1.1. Equivalence relation ∼:

• reflexive: x ∼ x

• symmetric: x ∼ y ⇒ y ∼ x

• transitive: x ∼ y, y ∼ z ⇒ x ∼ z

Definition 1.2. Equivalence class of equivalence relation ∼:

[x] = {y ∈ X : y ∼ x}

Example 1.1. Let A = {1, 2, 3}, R = {(x, y) : x = y} on A

• reflexive: x = y

• symmetric: x = y ⇒ y = x

• transitive: x = y, y = z ⇒ x = z

Thus R is an equivalence relation.
Equivalence class:
[1] = {1}
[2] = {2}
[3] = {3}

Example 1.2. Let A = {1, 2, 3}, R = {(x, y) : x+ y is even} on A

• reflexive: x+ x is even

• symmetric: x+ y is even ⇒ y + x is even

• transitive: x+ y is even, y + z is even ⇒

{
x is even, y is even, z is even

x is odd, y is odd, z is odd
⇒ x+ z is even

Thus R is an equivalence relation.
Equivalence class:
[1] = {1, 3}
[2] = {2}
[3] = {1, 3}
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2 Euclidean Spaces

x =


x1

x2

...
xn

 ∈ Rn

Definition 2.1. For vectors:

x · y = xT y = x1y1 + x2y2 + · · ·+ xnyn

Definition 2.2. Norm of x:

|x| =
√
(x1)2 + (x2)2 + · · ·+ (xn)2

Exercise 2.1.
max{|x1|, |x2|, . . . , |xn|} ≤ |x| ≤

√
nmax{|x1|, |x2|, . . . , |xn|}

Proof. Let xm = max{|x1|, |x2|, . . . , |xn|}:√
(xm)2 ≤

√
(x1)2 + · · ·+ (xm)2 + · · ·+ (xn)2 ≤

√
(xm)2 + · · ·+ (xm)2

Definition 2.3. θ between x and y:

3 Topological Spaces

Topology [1]
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