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1 Set Theory

1.1 Relations

Definition 1.1. Equivalence relation ∼:

• reflexive: x ∼ x

• symmetric: x ∼ y ⇒ y ∼ x

• transitive: x ∼ y, y ∼ z ⇒ x ∼ z

Definition 1.2. Equivalence class of each x ∈ X:
[x] = {y ∈ X : y ∼ x}

Definition 1.3. The collection of all [x] is X/ ∼

Example 1.4. Let A = {1, 2, 3}, R = {(x, y) : x = y} on A

• reflexive: x = x

• symmetric: x = y ⇒ y = x

• transitive: x = y, y = z ⇒ x = z

Thus R is an equivalence relation.
Equivalence class:
[1] = {1}
[2] = {2}
[3] = {3}

Example 1.5. Let A = {1, 2, 3}, R = {(x, y) : x+ y is even} on A

• reflexive: x+ x is even

• symmetric: x+ y is even ⇒ y + x is even

• transitive: x+ y is even, y + z is even ⇒

{
x is even, y is even, z is even

x is odd, y is odd, z is odd
⇒ x+ z is even
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Thus R is an equivalence relation.
Equivalence class:
[1] = {1, 3}
[2] = {2}
[3] = {1, 3}

Definition 1.6. A partition of X is a collection of disjoint nonempty subsets of X whose union is X.

Example 1.7. X = {1, 2, 3}
P = {{2}, {1, 3}}
P = {{1}, {3}, {2}}
P = {{1, 2, 3}}
{{1}, {2}, {}}: nonempty
{{1}, {2}}: union is not X
{{1, 3}, {2, 3}}: disjoint
{{1, 3}, {2, 4}}: union is not X

Exercise 1.8. Collection of equivalence class ⇒ partition
Partition ⇒ unique equivalence relation

Proof. X/ ∼⇒ partition:
For ∀x1, x2 ∈ X :
[x1] = {y ∈ X : y ∼ x1}
[x2] = {y ∈ X : y ∼ x2}
If x1 ≁ x2,∀y ∈ [x1] ⇒ y /∈ [x2] ⇒ disjoint nonempty subsets
If x1 ∼ x2,∀y ∈ [x1] ⇒ y ∈ [x2] ⇒ [x1] = [x2]

Proof. Partition ⇒∼

2 Euclidean Spaces

x =


x1

x2

...
xn

 ∈ Rn

Definition 2.1. For vectors:

x · y = xT y = x1y1 + x2y2 + · · ·+ xnyn

Definition 2.2. Norm of x:

|x| =
√
(x1)2 + (x2)2 + · · ·+ (xn)2

Exercise 2.3.
max{|x1|, |x2|, . . . , |xn|} ≤ |x| ≤

√
nmax{|x1|, |x2|, . . . , |xn|}

Proof. Let xm = max{|x1|, |x2|, . . . , |xn|}:√
(xm)2 ≤

√
(x1)2 + · · ·+ (xm)2 + · · ·+ (xn)2 ≤

√
(xm)2 + · · ·+ (xm)2

Definition 2.4. θ between x and y:

3 Topological Spaces

Topology [1]
Four mechanisms (normal, segment, merge, torus) exist in every fluid point: fractal.
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Figure 3.1: Sloshing topology.
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