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1 Four Fundamental Linear PDEs
Four fundamental linear PDEs [1]:

e Transport equation

e Laplace’s equation

e Heat equation

e Wave equation

1.1 Transport Equation

Definition 1.1. Gradient vector:
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Definition 1.2. Vector dot product < matriz multiplication:
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Transport equation:
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Example 1.3. For 1D and 2D cases:
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Lemma 1.4.
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Example 1.5. Initial-value problem:
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u(z,0) = g(x)
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Figure 1.1: Transport equation.
Example 1.6. Nonhomogenous problem:
%+C'% :f(.’E,t)
u(z,0) = g(x)
Let z(s) := u(x + sc,t + s)
d
d—z = f(z + sc,t + s)
z(s) =u(x + se,t + s) = /f(x + sc,t + s)ds
0
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u(z,t) = gz — tc) + flx+ se,t+ s)ds
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1.2 Laplace’s Equation
Definition 1.7. Laplace’s equation:
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Example 1.8. For 1D and 2D cases:
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Definition 1.9. Outward derivative:
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where v is the unit outer normal vector of OU.
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Figure 1.2: Outward derivative.
Example 1.10. For 1D and 2D cases:
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Theorem 1.11. Gauss-Green theorem:
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Example 1.12. For 1D and 2D cases:
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v Ox au
0 0
au + ﬂdw = / u1v1 + ugv2dS
v O dy au

Fundamental solution:
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For n > 2:

For n = 2:
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Definition 1.13. Fundamental solution of Laplace’s equation:
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Definition 1.14. Poisson’s equation:

Theorem 1.15. Solution of Poisson’s equation:

u(z) = /ERn (| —y|) f(y)dy = {_277 f]R" In(Jz —y|) f(y)dy
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